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1. Obstacle Problem
$C^{1}$ Banach $X$ $J[u](u\in X)$
$\min_{u\in X}J[u]$ $u_{0}$ , $J$ Fr\’echet J’[ ] $=0$
. $X=H_{0}^{1}(\Omega)$ ( $\Omega\subset \mathbb{R}^{n}$ , $C^{1}$ ), $f:\overline{\Omega}\mathrm{x}\mathbb{R}\mathrm{x}\mathbb{R}^{n}arrow \mathbb{R}$
$C^{1}$ , $J[u]:= \int_{\Omega}f(x, u, \nabla u)dx$ [
$J’[u]h= \int_{\Omega}[f_{u}(x,u, \nabla u)h+\sum_{i=1}^{n}\frac{\partial f}{\partial u_{x}}.\cdot(x, u, \nabla u)\cdot\frac{\partial h}{\partial x_{i}}]dx$
, $\mathrm{A}\mathrm{a}$ [ [ $J’[u]=0$ ? Euler-Lagrange







$K$ $X$ , indicator function $I_{K}$
$I_{K}[u]:=\{$
0 $u\in K$
$\infty$ $u\not\in K\sigma)\mu \mathrm{g}$
, , $\mathrm{n}_{u\in K}$ $J[u]$ , $\mathrm{n}_{u\in X}$ (J+If $[u]$
. $\min_{u\in K}J[u]$ , $J$ $C^{1}$
,




. $I_{K}$ $I_{K}$ , $u_{0}\in K$
$I_{K}$ $[u_{0}]=\{\varphi|\varphi\in X^{*}, \forall v\in K\langle v-u_{0}, \varphi\rangle\leq 0\}$ .
Obstacle Problem .
$X$ $\Omega$ , $\Phi$ $K:=\{u\in X|u\geq\Phi\}$
. $(X=U(\Omega)(1\leq p<\infty), X=H_{0}^{1}(\Omega)$ $K$
.)





$(1/2) \int_{0}^{1}|u’(x)|^{2}dx$ $(u\in H_{0}^{1}((0,1)))$
$\infty$ otherwise
. $\Phi\in C^{2}([0,1])$ $\Phi(0),$ $\Phi(1)\leq 0$ , $u\geq\Phi$
. $\min_{u\in K}J[u]$ $u$ ,
$(J+I_{K})[u]\ni 0$ , $u\in K$
, $\partial(J+I_{K})[u]=\partial J[u]+\partial IK[u]$ , $\partial IK[u]=\{v\in L^{2}((0,1))|v(x)\geq 0,$ $(\Phi-$
$u)(x)v(x)\leq 0$ (a $.\mathrm{e}$ . $x$ ) $\}$ , $u\in H^{2}((0,1))\cap H_{0}^{1}((0,1))$
$u”(x)\leq 0,$ $u”(x)(\Phi(x)-u(x))=0,$ $u(x)\geq\Phi(x)$ (a $.\mathrm{e}$ . $x$ ) (2)
[1]. [1] .




$\Omega\subset \mathbb{R}^{n}$ , , $1<p<\infty$ .
$\Phi\in C^{1}(\overline{\Omega})\cap C^{2}(\overline{\Omega}\backslash \{0\})$ $\Phi|_{\partial\Omega}\leq 0$ . Sobolev $W_{0}^{1,p}(\Omega)$
$J[u]:=(1/p) \int_{\Omega}|\nabla u(x)|^{p}dx$ $K(\Phi):=\{u|u\in W_{0}^{1,p}(\Omega), u\geq\Phi\}$ [ .(
, $u$
$u\in K(\Phi)$ $\int_{\Omega}|\nabla u|^{p-2}\nabla u\cdot\nabla(v-u)dx\geq 0$ $(\forall v\in K(\Phi))$ (3)
. .
$\mathrm{d}\mathrm{i}\mathrm{v}(|\nabla u|^{p-2}\nabla u)\leq 0$ , $u\geq\Phi$ , $\mathrm{d}\mathrm{i}\mathrm{v}(|\nabla u|^{p-2}\nabla u)(u-\Phi)=0$ (4)
2.
$u\geq\Phi$ $J[u]$ (Obstacle Problem) , $u(x)>\Phi(x)$
$x$
$\mathrm{A}\mathrm{a}$ Euler-Lagrange , $u(x)=\Phi(x)$
$|_{\sqrt}\mathrm{a}$ . Obstacle Problem $\hslash\not\in u$ [ , $\{x|u(x)=\Phi(x)\}$ (
) , .
, [2] .
([2]) $\Omega,$ $p,$ $J$ , $\Omega$ . $\Phi$





. $\Omega\subset \mathbb{R}^{n}$ \Omega , , $0\in\Omega$ .
$\bullet$ $\psi\in c^{1}(\overline{\Omega})$ , $\psi(0)>0,$ $\partial\Omega$ $\psi<0$ .





, $\psi=c-f$ , $f$ $s$ $(s>1)$ ,
$v(x):=x\cdot\nabla(u-\psi)(x)-s(u-\psi)(x)$ (5)
:
$\triangle v=0$ in $\Omega\backslash I_{\psi^{j}}$ (6a)
$v=0$ on $I_{\psi^{j}}$ (6b)
$v\geq 0$ on $\partial\Omega$ . (6c)
(6b) , .
, , I $\Omega\backslash I_{\psi}$
$v\geq 0$ , $I_{\psi}$ .
4.




$\triangle v\leq 0$ in $\Omega\backslash I_{\psi^{j}}$ (8a)
$v\geq 0$ on $I_{\psi^{j}}$ (8b)
$v\geq 0$ on $\partial\Omega$ . (8c)
, $I_{\psi}$ .
$v$ $s$ $\psi$
, $c-f$ ( $f$ $s$ ) $\psi$
.
$\psi \text{ }$ $\psi$ :
$\psi(x):=c-\sum_{k=1}^{n}a_{k}|x_{k}|^{b_{k}}$ (9)
$x_{k}$ $x$ $k$ , $c>0,$ $a_{k}>0,$ $b_{k}>1$ .
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{$\underline{(8\mathrm{a})}$\emptyset \neq I $\Omega$ , $u$ $\psi$ ( Obstacle ProbIem .
$\triangle v\leq \mathrm{O}$ in $\Omega\backslash I_{\psi}\Leftrightarrow s\geq\max_{k}b_{k}$
.
$\underline{(8\mathrm{c})}$\emptyset \neq I $\sigma$ [ [ [2] , upper solution [
. , $y=W_{z}(x)$ $z$ $\psi$ :
$W_{z}(x):=\nabla\psi(z)\cdot(x-z)+\psi(z)$ .
$x_{0}\in\partial\Omega$ [ $z\in\Omega$ , $W_{z}(x)$ $W_{z}(x_{0})=0$ $W_{z}\geq 0$ on $\Omega$






$s \leq\inf_{x_{0}\Omega}\frac{x_{0}\cdot\nabla\psi(x_{0})-x_{0}\cdot\nabla W_{z}(x_{0})}{\psi(x_{0})}$ (10)
(8c) .












$-\underline{--}-+$ $x_{0}={}^{t}(a, b)\in\partial\Omega$ ( $a,$ $b>0$ ), $x_{0}$ , $\Omega$ ( $\Omega$ (
, $\gamma$
$z+\gamma(ax+by-1)=0$
. $z={}^{t}(x_{0}, y\mathrm{o})\in\Omega$ $\psi$
$-3x_{0}^{2}=-\gamma a$ ,
-3y02=-\gamma b$\frac{1}{2} x_{ }^{3}-y_{0}^{4}=\gamma(ax_{0}+by_{0}-1)\}$ (12)
$x_{0}=( \frac{\gamma a}{3})^{1/2}$ , $y_{0}=( \frac{\gamma b}{4})1/3$
$\frac{1}{2}-\gamma+\gamma a(\frac{\gamma a}{3})1/2+\gamma b(\frac{\gamma b}{4})1/3-(\frac{\gamma a}{3})3/2-(\frac{\gamma b}{4})4/3=0$ (13)
.
, (13) $z$ , (11) .
(13) $a$ . $b$ explicit ,
. , $(a, b)=(\cos\theta, \sin\theta)$
, (11)
$\frac{x_{0}\cdot\nabla\psi(x_{0})-x_{0}\cdot\nabla W_{z}(x_{0})}{\psi(x_{0})}$
, $\theta$ , (11) .
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upper solution
$u0\in H^{1}(\Omega)$ , $u0\geq\psi$ , $u_{0}\geq 0$ on $\partial\Omega$
, $\psi$ [ Obstacle problem $u$ ( $u_{0}\geq u$ .
$\psi$ [ Obstacle Problem $u$ [ |j‘
$x\cdot\nabla(u-\psi)(x)-s(u-\psi)(x)\geq 0$
. $x\cdot\nabla(u-\psi)$ $x$ , $\xi\in \mathbb{R}^{n}$
, $\varphi(t):=(u-\psi)(t\xi)$ , $t>0$
$\frac{d}{dt}\varphi(t)-s\frac{\varphi(t)}{t}\geq 0$
. $\varphi\geq 0$ ,
$0<t_{0}<t \Rightarrow\varphi(t)\geq\varphi(t_{0})(\frac{t}{t_{0}})^{\mathit{8}}$
, $t\xi\in I_{\psi}$ $0<t0<t$ $t_{0}\xi\in I\psi$ .
[1] , , , .
[2] Sakaguchi, S., Coincidence sets in the obstracle problem for the $p$-hamonic operator, Proc.
A $.\mathrm{M}$ .S. 95(1985), 382-386.
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